The thermodynamics of quark matter consisting of two light flavors (up and down) in the instanton vacuum is investigated at finite chemical potential (µ) and partly at finite temperature. The derivation of the instanton-induced interaction is performed by a method based on the LSZ reduction formula, which is a new procedure for the case of finite µ. The finite µ form factors arising from zero mode quarks are calculated without approximation. Phase structures for N c = 3 and N c = 2 are investigated using the thermodynamic potential in the mean-field approximation. It is found that in most cases the double-condensate phase, in which both chiral and diquark condensates coexist, can be realized between the pure chiral condedsate and pure diquark condensate phases. In addition, several thermodynamic quantities, including occupation numbers, quark number densities and the latent heat in the chiral phase transition, are also computed numerically. §1. Introduction
§1. Introduction
The thermodynamics of quark matter is one of the most fundamental and interesting subjects in quantum chromodynamics (QCD). At zero temperature (T ) and chemical potential (µ), quark matter exists in the chiral symmetry broken hadronic phase, 1), 2) while the chirally symmetric phase is believed to be realized at sufficiently high temperature and/or density. A quark-gluon plasma (QGP) and two-flavor color superconductor (2SC) are among the most important possibilities in the chirally symmetric phase. 3)-5) Especially in the vicinity of low T critical points, the two-flavor color superconducting state is considered to be important. 5) The direct application of QCD to explore the phase diagram of the ground state of quark matter in the (T, µ) plane has been only partially successful. At finite temperature, lattice QCD calculations provide evidence of a phase transition from hadronic to QGP. However, it happens to be very difficult to apply lattice QCD in the low T and high µ region for N c = 3. There, most predictions have been made using effective models of QCD. In order to describe chiral symmetry restoration as well as color superconductivity, such a model should be composed of quarks (and antiquarks) with proper interactions among them. A possible simple model is the NJL model, which consists of four quark vertices with chiral symmetry. 2), 6) More realistic approaches use one-gluon exchange interactions taken from the perturbative regime. 7), 8) However, it has been pointed out that the perturbative approach is valid only at very high T and/or high µ. In the nonperturbative region, the relevant quark interactions are given by instantons. Models with instanton-induced interactions have been applied to study properties of the phase transition to the color superconductor phase.
In this study we employ the instanton induced interactions, which are attractive in both antiquark-quark (qq) and quark-quark (qq) pairings. We restrict ourselves to N f = 2, corresponding to a system of up and down quarks.
There have been several reports which study quark matter in the instanton vacuum. Most of them are limited to the case at zero µ and zero T . There are only a small number of works on thermodynamics at low to moderate µ. In the late 1990s, some studies of two-flavor quark matter at finite µ based upon a model interaction motivated by the instanton-induced interaction were reported. 10), 11) However, in those studies the quark zero-mode state, which is the most probable state of the quarks in the instanton vacuum, is not fully taken into account in the interactions. In particular, not only the T dependence but also the µ dependence of the interactions is completely ignored.
Carter and Diakonov used approximated µ-dependent form factors that arise from the µ-dependent quark zero mode function in a study on two-flavor quark matter. 12), 13) They reported, for example, a first-order phase transition between the chiral symmetry broken phase and the 2SC phase at µ = 340 MeV and a diquark energy gap of about 230 MeV in 2SC, which is twice as large as that in the previous studies. In addition, it is found that the introduction of µ-dependent form factors has an important effect. In the instanton vacuum, the strength of the quark-quark and quark-antiquark effective interactions are related to the instanton density, which is a function of the size of instantons.
According to Ref. 14) , the instanton density in a light quark gas (m µ) is expected to change little in the region where µρ 1 (where ρ is the instanton size) at zero T . Within this region, in the chiral limit, the instanton density is about e −0.07µ 2 ρ 2 times the vacuum value. 14) Carter and Diakonov determined the coupling strength by setting the average instanton size ρ to about 1 3 fm and assuming that the instanton density does not change as long as the quark chemical potential is below ρ −1 ∼ 600 MeV. 13) We employ the same strategy in this study, and consider the region µ ≤ 500 MeV to be safe.
In Ref. 15 ), Rapp et al. evaluated two-flavor quark matter in the instanton vacuum at finite µ using a method based upon the Cornwall-Jakiw-Tomboulis (CJT) effective action. They also used the relation to the instanton density in order to fix the coupling strengths. However, their approach does not allow us to understand the physical meaning of the relation easily. In the present paper, we use a simpler and clearer form of the relation between the coupling strengths and the instanton density. Thus it allows us to generalize the formulation to a T -µ dependent instanton density, which happens to be crucial for describing finite T behavior of the QCD vacuum. Our method can be considered as an improvement of the method used by Berges and Rajagopal in Ref. 11) . In this study we make use of the full µ-dependent form factor. We derive the effective action for the scalarand color antitripletdiquarks. The effective coupling strengths are determined by a constraint, which relates the effective coupling strengths to the instanton density, constituent quark mass and diquark energy gap. We assume that the instanton density does not change in the low µ region at T = 0. The constraint, however, leads to the difficulty that without knowing the (µ, T ) behavior of the instanton density we may not be able to study the restoration of both the chiral symmetry and color gauge invariance and to obtain quark-gluon plasma (QGP) phase at high T . On the other hand, if we further assume that the instanton density vanishes at finite T and µ, then we obtain a phase diagram and the critical line at which the symmetries are restored. As regards color symmetry, it should be noted that in 2SC, a nonzero Lorentz scalar condensate, which consists of only two of the three colors, breaks color SU (3) symmetry down to SU (2) symmetry. 10) Then, at the same time, the dynamical Higgs mechanism becomes effective, and five of eight gluons become massive. 9), 16) In this study, based upon the self-dual solution of the Yang-Mills equation of motion in the above-mentioned massive gluon field (see Appendix A), we assume that the color orientations of instantons in the 2SC phase are restricted to the residual SU (2) subgroup. Hence, in addition to studying the ordinary three-color quark matter in which the interactions are induced by the instantons distributed over the entire color SU (3) space, we investigate three-color quark matter in which the interactions are induced by only the instantons whose color orientations are limited to the SU (2) subspace.
Furthermore, hoping that understanding the thermodynamics of two-color QCD will provide us with additional insight into three-color QCD, we also investigate the phase structure of two-color quark matter. We will see that the two-color instanton vacuum possesses an extra symmetry through which order parameters of the chiral and color symmetry breaking are connected with each other. At finite µ, we predict how such symmetry is broken.
Practically, we employ the CP invariant case with θ = 0, in addition we set the average instanton size to ρ = 1 3 fm and the average the separation between instantons to R = 1 fm, which results in fixing the four-dimensional instanton density at the value N V = (0.2 GeV) 4 . Since there are no data and no reliable analysis concerning the instanton density for N c = 2, we employ a straightforward extrapolation of the N c dependence of the density. 9) In concrete terms, we fix the instanton density at
The outline of the paper is as follows. In §2, we derive the instanton-induced interaction at finite chemical potential. In §3, we derive the effective partition function in our model. In §4, we derive the thermodynamic potential in the mean-field approximation and at the same time obtain a gap equation. In §5, we calculate several thermodynamic quantities for N c = 3 and present the numerical results in order. In §6, we evaluate the phase structures for N c = 2 and present the results. Section 7 is devoted to summary and discussion. §2.
Instanton-induced interaction
Here we derive the instanton-induced interaction L inst at finite µ. The Lagrangian density L inst is composed of two terms,
where L I is a pure instanton contribution, while L A is a pure anti-instanton contribution.
In order to derive the instanton-induced interaction L inst , we use the LSZ reduction formula for a quark transition amplitude in an instanton vacuum. 17) A modified reduction formula for one flavor, which is averaged over the instanton position z, reads
where υ is the spinor corresponding to the Lorentz and color state of the quark considered, Ψ stands for the quark field operator, p ζ ≡ (p 0 + µ, p), α, β, δ and η denote color indices and i, j, k, l, m and n denote Lorentz indices. Because we consider an instanton-induced interaction, we must switch into Euclidean space-time instead of the Minkowski space-time.
For massless or nearly massless quarks, the quark propagation occurs mainly via the 't Hooft zero mode Ψ (0) (x, µ). Then the propagator can be approximated as
The function Ψ (0) (x, µ) is a solution of the Dirac equation at finite µ, 18) [ 4) and the hermitean conjugate function satisfies
where A I denotes the classical field of an instanton. Using the Fourier integral representation, we can express the quark zero mode function
where we use the Euclidean notation px = px + p 4 x 4 ,
stands for a Fourier component of the zero mode (ν runs over 1-4: see Appendix B) and U is the color orientation matrix. In an anti-instanton medium we replace 2 . With these, we get the transition amplitude
where p ξ ≡ (p, p 4 + iµ). The calculational procedure described above can be extended to the more realistic case of two light flavors. To get the final form of L inst , we have to average over the instanton orientation in color space. To this end, we explicitly perform the group integration of the color SU (N c ) group with the Haar measure dU . Then, we finally get the Lagrangian density L inst for two flavors at finite µ in the momentum space:
Here, α 1 , α 2 , β 1 and β 2 denote color indices, 1, 2, s and t denote flavor indices, and G and G † are the form factors defined by
The instanton-induced interaction L inst is originally a pre-exponential factor in the partition function (Z) in the path-integral formalism: 19), 20)
Here, m is the current quark mass and N 2 is the instanton (anti-instanton) number of the system.
In order to raise the operators L I and L A into the exponent, we introduce an undetermined multiplier λ, which will play the role of the coupling strength, as is clarified below. We write
where
with V the four-dimensional volume. By the saddle point method in the thermodynamic limit (N, V → +∞ with N V fixed) one recovers Eq. (3·2) exactly. 13), 21) The multiplier λ is determined by the condition
where · · · represents the expectation value. The above equation can be naturally understood if one thinks of the instanton density being the amplitude of the vacuum to vacuum transition in the presence of the instanton. With the help of Fierz rearrangements, λL inst can be decomposed into two parts, with one part containing only color singlet (1 c ) quark bilinears, and the other only color antitriplet (3 c ) bilinears. As a result, the effective action S is made up of four terms. 22) In momentum space, these are given by
9)
with
(3 . 14)
Here, C denote the charge conjugation matrix, α, β, γ, δ and ρ are color indices, and l, m, s and t are flavor indices. The effective coupling strengths K and K are proportional to λ, and for N c = 3 we have 15) while for N c = 2, we have
Consequently the effective partition function (Z eff ) is given by
Let us now introduce two kinds of auxiliary fields, ϕ(q) and ∆(q), which represent a color singletpair and a color antitripletpair, respectively. In order to use the Hubbard-Stratonovich transformation, we employ the following identities: 19) where C 1 c and C 3c are the normalization constants. Substituting these identities into Eq. (3·17), the partition function Z eff can be rewritten as 20) where the corresponding action S is given by
Now, let us assume a constant field configuration for each of the auxiliary fields
For N c = 3 these are given in momentum space as
After integrating over the momentum q, the partition function reduces to 26) where the corresponding action S is given by
The concrete expressions of the form factors are as follows. For a color-singlet pair, we have
while for a color-antitriplet pair, we have
being the Fourier components of the quark zero mode (see Appendix B). In Ref. 13 ), ignoring A(p, µ), Carter and Diakonov adopted only B(p, µ) as the form factor for a color-antitriplet pair.
Now we can integrate out the quark fields Ψ and Ψ in the partition function Z eff . Then we get
The corresponding effective action S eff is given by
Here the function M (p, µ) is a momentum dependent dynamical quark mass:
Thermodynamic potential in the mean-field approximation and gap equation
In this section, we evaluate the partition function using the stationary [WentzelKramers-Brillouin (WKB)] approximation for the path integral. If the extremum of the integral is realized by σ and ∆, they must satisfy the following stationary condition:
This yields the following coupled gap equation:
Here σ and ∆ are the mean auxiliary fields and have the following physical meanings:
With these, we can write down the constraint for the effective coupling strengths K and K in terms of σ and ∆ as
Diagrammatically, we have
The same constraint can be derived by application of the saddle point method directly to the effective action Eq. (3·34):
The constraint Eq. (4·6), which arises from the stationary condition on the coupling strength λ, relates the q-q and q-q effective coupling strengths with the instanton density of the vacuum. It also contains the order parameters σ and ∆. This constraint imparts a very strong restriction on the behavior of these quantities. For instance, one sees that if the instanton density N V is fixed, then K(K ) tends to vanish in the σ 2 → 0 (∆ 2 → 0) limit. It also requires that σ = ∆ = 0 is not realized unless N V goes to zero. This causes a difficulty in studying high T phase transitions to the QGP phase without knowing the T dependence of the instanton density.
Using the effective action, the thermodynamic potential in the mean-field approximation (MFA) is given by
where σ and ∆ are both mean auxiliary fields determined by the gap equation. 
where Ω free denotes the thermodynamic potential for free quarks. In the above expression, explicit contributions of one-loop diagrams are omitted. It does, however, contain some contributions of the one-loop diagrams indirectly through the effective coupling strength λ, which is determined by the constraint on λ. By contrast, in our method, the full contributions of the one-loop diagrams are explicitly included through the path integral over the fermion fields. The thermodynamic potential Eq. (4·8), and the gap equations (4·2) and (4·3) obtained above are the basic equations in the subsequent sections. §5. Thermodynamics at finite chemical potential for three colors
Phase structure at zero temperature in the chiral limit (m → 0)
In this subsection, we solve the gap equations (4·2) and (4·3) with the help of the constraint Eq. (4·6) and report the results of our numerical computation of the thermodynamic potential. In the beginning, in order to confirm whether the assumed instanton density N V and the average instanton size ρ are appropriate, we have to compute the constituent quark mass σ and the chiral condensate ΨΨ at zero µ and zero T . As a result, we find a pertinent constituent quark mass of 347 MeV and a chiral condensate of (−251 MeV) 3 .
Our main assumption is that the instanton density, N V , does not change in the region of µ that we consider at T = 0. This assumption may be justified up to µ ∼ 500 MeV, according to the instanton liquid model calculation. 14) With this assumption and the constraint Eq. (4·6), we conclude that the quark-gluon plasma (QGP), in which both chiral and color symmetries are restored in the chiral limit, is not realized at finite µ. Therefore, thermodynamic competition occurs among the pure chiral condensate phase (CC phase: σ = 0 but ∆ = 0), double-condensate phase (DC phase: σ = 0 and ∆ = 0) and pure diquark condensate phase (2SC phase:
and µ C↔2 c are used for denoting the critical chemical potentials of the phase transitions between the CC phase and DC phase, the DC phase and 2SC phase, and the CC phase and 2SC phase, respectively. Figures 1 and 2 show the thermodynamic potentials as functions of µ in the chiral limit based on our numerical results. Each line is drawn by assuming the only corresponding phase can be realized. Then, through the competition among the phases, only the phase of lowest Ω (highest pressure) is realized at each µ. Consequently, the other phases become unstable at each µ. Hereafter, the figures displaying the Ω lines should be understood in the same manner. From these figures we find that, if the DC phase were not realized, the phase transition between the CC phase and the 2SC phase would occur at µ C↔2 c = 283 MeV. However, as shown in Fig. 2 , we find the DC phase in a region where the chemical potential is between 257 MeV and 290 MeV. In DC phase, chiral symmetry is not restored. The quarks of colors 1 and 2 may have a constituent mass σ and at the same time may exist as a diquark condensate with an energy gap ∆. The quarks of color 3 have a constituent mass of the same value σ, but do not participate in the diquark condensate. The chiral condensates, being traces over the quark propagator, can be calculated as
Constituent quark mass, diquark energy gap, chiral condensate and effective coupling strength
The effective coupling strengths, K and K , can be determined using Eq. (4·6) with the constituent quark mass σ and the diquark energy gap ∆ obtained by solving the gap equations (4·2) and (4·3) as
It should be noted that the chiral condensate is not identical to the constituent mass as seen in Eq. (4·4).
Figures 3 and 4 tell us that the chiral condensate remains almost its vacuum value, while both the constituent mass σ and the effective coupling strength K decrease with µ. In this subsection we investigate the current quark mass effect on the phase structure. Let us introduce a current mass of 10 MeV into the thermodynamic potential Ω MFA . = 341 MeV are both higher than those in the chiral limit. In addition, the DC phase region becomes wider, by about 1.7 times, than that in the chiral limit. We also find that the phase transition between the CC phase and the DC phase is second order, while that between the DC phase and the 2SC phase is first order. Thus, the natures of the two phase transitions are qualitatively the same as those in the chiral limit, respectively.
Phase structure at zero temperature in a system with 10 MeV current mass
The constituent quark mass σ at µ D↔2 c = 341 MeV in the DC phase is 215 MeV. The diquark energy gap ∆ has a maximum value of 306 MeV at µ D↔2 c = 341 MeV in the 2SC phase.
Quark number density and occupation number
In this subsection we evaluate the quark number density n(µ) and the quark occupation number n(|p|, µ). To this end we note the relation where S and n denote the entropy density and the particle number density of the system, respectively. Therefore, using Ω, we can calculate the quark number density n as
On the other hand, from another point of view, the quark number density is the integral of the occupation number over the spatial momentum:
Combining Eqs. (4·9), (5·5) and (5·6) we get Figure 6 displays the dependence of the quark number density n on µ. It is seen that the quark number density increases steeply with µ in the DC phase. The DC region is located between n = 0.4 fm −3 and 1.84 fm −3 . We find that the DC region is narrow in µ, but it captures a relatively wide region in n. There is a discontinuity at µ D↔2 c = 341 MeV. The values of n are 1.37 fm −3 in the DC phase and 1.84 fm
in the 2SC phase at µ D↔2 c = 341 MeV. Using Eq. (5·7), we can compute the occupation numbers n(|p|, µ). For simplicity, we ignore the µ-dependencies of σ and ∆ in Eq. (5·7). Figure 7 plots the occupation numbers n(|p|, µ) as functions of |p|. A quark has 12 degrees of freedom, which are made up of 2 spins, 2 flavors and 3 colors. This fact is reflected in the scale of the vertical axis.
As is well known, in the ordinary BCS theory, the occupation numbers do not take the form of a Fermi step-like function, because Cooper pairs of fermions with momenta above and below µ smear the Fermi surface and consequently transform the step-shaped line into a continuous line at the Fermi momentum (|p| = p F = µ). However, there is a discontinuity at |p| = µ in the 2SC phase. This is an apparent difference from the ordinary BCS theory. This discontinuity is due to the contribution of the quarks of the third color, which do not participate in the Cooper pairs and retain a Fermi surface at |p| = µ. In addition, we see that there is a region of a steep-sloping curve near |p| = 270 MeV in the DC phase. It is seen that the value of |p| at which the occupation number is discontinuous shifts downwardly. This effect is caused by the nonvanishing constituent quark mass in the DC phase and results in a discrepancy in the quark number density between the DC and 2SC phases at µ D↔2 c = 341 MeV.
Phase diagram and latent heat in the chiral phase transition
It is well known that in a first-order phase transition, as in the transition from vapor to liquid, the entropy of the system changes discontinuously, and a certain amount of heat may be given off as a result. This kind of heat is called 'latent heat'. In this subsection we investigate the latent heat in the chiral phase transition between the chiral symmetry broken phase and the QGP phase.
In order to use our thermodynamic potential in a region at finite T , we replace the integration over p 4 with a Matsubara frequency sum over ω n as
where ω n = (2n + 1)πT , with integer n. Then, the thermodynamic potential at finite T is given by
To this point, we have concentrated on the system at zero temperature. Moreover, we have assumed that the instanton density does not change. Then, we have found that a phase transition to the QGP phase (σ = ∆ = 0), which is an essential consideration in this subsection, cannot occur. In other words, the realization of QGP phase in our model requires that the instanton density vanish. To our knowledge, there is no consensus concerning the instanton density at finite T and low to moderate µ. Let us suppose that the instanton density vanishes at certain critical temperatures (T = T c ). This assumption makes Ω MFA (µ, T ) continuous at the critical point, which is an essential requirement for Ω MFA (µ, T ). In addition, we ignore the temperature dependence of the effective coupling strength K. At finite T , we remove the constraint on N V and fix the value of K determined at zero T . Accordingly, in order to use the additional assumptions effectively in our model, it is required that at zero T , once the value of K is determined by solving the gap equation with the preset is removed. If this condition were not satisfied, we could not fix the value of N V at zero T . It happens that this condition is satisfied in the CC phase, but in the DC phase, the condition is not satisfied. Therefore, we restrict our study at finite T to the region in which µ is less than or equal to 257 MeV, corresponding to the CC region along the T = 0 line. For µ ≤ 257 MeV, all the phase transitions at critical temperatures occur between the CC phase and QGP phase.
The instanton field at finite temperature is called a caloron field. Its configuration is constructed by lining up instantons along the imaginary time direction with period β (= T −1 ). As we see below, the highest critical temperature is 110 MeV at µ = 0, where the period β is about 1.8 fm. We have set the instanton average size ρ and the average separation R at zero T to 1 3 fm and 1 fm, respectively. Thus, the instanton average size is much smaller than the period β. In addition, the caloron density at finite T is smaller than the instanton density at zero T . As a consequence, the average separation at finite T is larger than that at zero T . Therefore, we believe that the fixed ρ of 1 3 fm is small enough that there is no influence of the periodicity in the caloron field. We are now in a position to compute the latent heat in the chiral phase transition. First, we have to calculate the entropy density S. Again, we note the relation dΩ = −SdT − ndµ. Then, we can calculate S as
Here, we define the difference between the thermodynamic potentials of the two phases ∆Ω as
Then we can determine the entropy difference ∆S T c ,µ c as
We can calculate the latent heat Q L from the above entropy difference as
This result is plotted in Fig. 9 . From this figure, it is seen that latent heat is not given off in the second-order phase transition (µ ≤ µ P = 0.132 GeV). The latent heat Q L (per quark number) is enhanced near the tricritical point (TCP), and the peak volume is 175 MeV for µ ∼ 145 MeV, and then decreases as µ grows. One of the direct origins of the bump-shaped latent heat generation seen in Fig. 9 lies in the µ-dependent ∆S at T c . The quantity ∆S increases rapidly for µ = 132 -190 MeV, and then decreases as µ grows. In addition, the bump becomes sharper because, as µ grows, T c decreases, and the quark number density increases. It should be noted that the latent heat evaluated here is that associated with the quark degrees of freedom. However, it has been shown in lattice QCD simulations that the deconfining phase transition occurs at the same critical temperature as the chiral phase transition. 23), 24) For this reason, it is important to know the effect of the liberation of degrees of freedom for gluons. Based on our crude estimation of the latent heat generation using the pion gas model, we surmise that the gluon field makes the latent heat about twice as large as the value obtained in this model. However, even when we ignore the gluon contribution, the generated latent heat is not small, especially in the enhanced region (µ ∼145 MeV). If the phase transition from the QGP phase to the CC phase occurs across the first-order phase transition line in the enhanced region, for example in a high energy collision experiment, the generated latent heat may accelerate the hadrons, and as a consequence, may have some influence on the rapidity distribution in the final stage. Thus, the generated latent heat may provide a signal of the generation of QGP. In the same way as in the zero temperature case, we calculate the chiral condensate − Ψ Ψ 1 3 at finite T and zero µ. Again, we have ignored the temperature dependence of the effective coupling strength K. Figure 10 plots the temperature dependence of the chiral condensate − Ψ Ψ 1 3 . The condensate changes little at low T , but near the critical temperature it decreases steeply with T and vanishes at T c = 110 MeV. This behavior is qualitatively the same as that found in some previous studies employing a one-gluon exchange interaction. 25), 26) Let us recall that color SU (3) symmetry is broken down to SU (2) symmetry in the 2SC phase. Then, five of the eight gluons become massive through the dynamical Higgs mechanism. This fact leads us to investigate quark matter with massive gluon field. In this study, we assume that in the massive gluon field, the color orientations of the instantons are restricted to the residual SU (2) subspace (Appendix A). Hence, in this subsection, we evaluate quark matter in the case that the quarkquark (antiquark-antiquark) and quarkantiquark interactions are induced by instantons whose color orientations are limited to the color SU (2) subspace. The Fierz rearranged instanton-induced interactions, in which the color orientations are averaged over the color SU (2) subspace, have the same effective coupling strength for both color anti-triplet and color singlet channels. In addition, we assume that the instanton density of this system is the same as that for N c = 2. Therefore, we set 13) and
Quark matter with equal coupling strengths (K = K) in the chiral limit for
(5 . 14)
In the same manner as in the previous subsections, we solve the gap equation and calculate the thermodynamic potential at T = 0. Figure 11 Let us introduce a 10 MeV current quark mass in order to make the system more realistic. Figure 12 is 45 MeV (shown in Fig. 13) . Thus, the barrier between the DC phase and the 2SC phase is low compared to the cases with K = For N c = 2, the effective coupling strengths K and K are equal. Then the thermodynamic potential Ω N c =2 is given by Note that the potential above possesses an additional symmetry between σ and ∆. As regards the flavor symmetry for N c = 2, the instanton-induced interaction possesses not an SU (2) × SU (2), but a larger global SU (4) symmetry at µ = 0 in the chiral limit (the socalled Pauli-Gürsey symmetry). 13), 22) The above σ-∆ symmetry originates from this global SU (4) symmetry (see Appendix C). In fact, as shown in Fig. 14, the thermodynamic potentials in the CC and 2QC phases have the same value at µ = 0, due to the Pauli-Gürsey symmetry. Developing into a nonzero µ violates the global SU (4) symmetry, and consequently, the degeneracy of σ and ∆ is lifted. We find that only the 2QC phase can be realized at finite µ. In other words, the two-color system prefers the ΨCγ 5 Ψ condensate to the ΨΨ condensate at finite µ.
Phase structure at zero temperature in a system with 10 MeV current quark mass
In this subsection we introduce a current quark mass of 10 MeV for both up and down quarks. Figure 15 displays the thermodynamic potentials as functions of µ. A notable effect of the 10 MeV current quark mass is that it breaks the σ-∆ symmetry in the direction in which the ΨΨ condensate is favored. This is followed by the MeV up to at least µ = 500 MeV. Consequently, the 2QC phase is not realized in the region where µ is less than 500 MeV. The phase transition between the CC and DC phases at µ C↔D c = 97 MeV is second order. Because we restrict our model to the region where µ ≤ 500 MeV, we cannot determine the precise location and nature of the phase transition between the DC and 2QC phases. The constituent quark mass σ and diquark energy gap ∆ in the DC phase at the virtual critical point µ C↔2 c = 136 MeV are 162 MeV and 285 MeV, respectively. At µ = 500 MeV, we have σ = 11 MeV and ∆ = 158 MeV in the DC phase (shown in Fig. 16 ). §7. Summary and discussion
We have investigated the thermodynamics of quark matter consisting of two light flavors at finite µ in the mean-field approximation. We have used the µ-dependent instanton-induced interaction (µ-III), which arises from the µ-dependent quark zero mode, as the effective interaction. The use of µ-III makes the effective coupling strength vary according to the instanton density and the order parameters. We have found that the effective coupling strength depends on µ if the instanton density is fixed. We have calculated several thermodynamic quantities with fixed instanton density at zero temperature.
Concerning the phase structure for three-color QCD in the chiral limit, we have found that a double-condensate phase (DC phase), where both the chiral and color symmetries are broken, is realized. In this phase, quarks of colors 1 and 2 may have constituent masses and, at the same time, they may form a diquark condensate. This finding is an important difference from the results reported by Carter and Diakonov in Ref. 13 ). In Ref. 13) , the DC phase is not realized, while a metastable DC region is found in the region 0 ≤ µ < 80 MeV.
The realizability of the DC phase has already been discussed by Rapp . Therefore, we can conclude that our tractable thermodynamic potential has the same essential phase structure features as the relatively complicated one derived using the CJT effective action by Rapp et al. It is noteworthy that the DC phase is realized in several types of models. The DC phase can be realized in the framework of the NJL model 27)-29) and in the random matrix model. 30) In Ref. 27), Huang et al. investigated the phase structure of twoflavor quark matter with a finite current quark mass at T = 0 using the extended NJL model and found that a "the mixed broken phase"(DC phase) can be realized between a "chiral broken phase"(CC phase) and a "color superconducting phase"(2SC phase). They reported that the exsistence and width of "the mixed broken" region depend on the effective coupling strengths. According to their numerical results, as the ratio The models based on µ-III have an important common feature as regarding the phase transition. In the NJL model and in the NCQM including the model used in Ref. 11), the chiral phase transition occurs at moderate value of µ, even at K = 0, while, in the models based on µ-III, the chiral phase transition does not occur at T = 0 when K vanishes. This is an important difference between the µ-III models and the NJL-type models.
A weakness of our model is that there is a lack of temperature dependence of the instanton density at low to moderate µ. Therefore, progress in the study of the instanton dynamics itself at low to moderate µ and finite T is an important prerequisite for the application of our model.
Regarding the investigation at finite T , Berges and Rajagopal carried out a simpler study in Ref. 11) by adopting a simplified form factor that is independent of both T and µ, and consequently their study can easily be generalized to the finite T region. In this study, we attempted to generalize to a finite T region by introducing two additional assumptions. One is to disregard the T dependence of the effective coupling strengths, and the other is to remove the instanton at the critical points. With the help of these additional assumptions, we obtained a phase diagram and latent heat in the first-order chiral phase transition between the CC phase and the QGP phase in the region µ ≤ 257 MeV. We have a second-order phase transition at T = 110 MeV along the µ = 0 line and a first-order phase transition at µ = 257 MeV with T = 18.4 MeV. The tricritical point is located at (µ = 132 MeV, T = 81.4 MeV). The latent heat is enhanced near the tricritical point, and the value is about 175 MeV per particle, which is somewhat low in comparison with the value found in a previous study employing the QCD-like theory, where the maximum value was found to be about 250 MeV per particle. 7) Finally, we must comment on the possibility that the instanton field can be modified by the surrounding quarks. Hence, the instanton field should be determined self-consistently by considering the instanton-quark interaction. The instanton at zero µ and zero T is assumed to be distributed over the entire color SU (3) space. In contrast, inside the 2SC phase the color SU (3) symmetry is broken down to SU (2) through the formation of a diquark condensate. Accordingly, the instanton induced interaction in the 2SC may be different from that in the hadronic phase, even at zero temperature.
On the basis of these findings, in § §5.7 and 5.8, we stated the working hypothesis that in the hadronic phase, the q-q (q-q) effective coupling K is weaker (by a factor of 0.75 times) than the q-q coupling K, while in the 2SC phase, K = K even for N c = 3. Then, we actually evaluated the system with K = K [regime (2)] as well as the system with K = (1), because of the relatively strengthened K in regime (2) . Including the cases for N c = 2, we summarize in Table I some important results concerning the phase structure. It is seen that the effects of the finite current quark mass on the phase structure for N c = 3 are an upward shift of the critical points, a widening of the DC region and a reduction of σ at µ D↔2 c . For N c = 2, the effects are found to be drastic. In the chiral limit, a chiral condensate coexists with a diquark condensate at zero µ, reflecting the extra symmetry Sp (4) , but at nonzero µ, only the 2QC phase can be realized. On the other hand, in the case that we introduce a finite quark mass, the CC phase is realized at zero and low µ, and this is followed by a second-order phase transition to the DC phase at µ C↔D c = 97 MeV. This kind of effect has also been reported in a lattice simulation of two color QCD. 31) From another point of view, Table I shows that in the chiral limit, the width of the DC region becomes narrower in the following order: regime (1) > regime (2) > the case for N c = 2. By contrast, in the case with a 10 MeV current quark mass, the width becomes wider in the following order: regime (1) < regime (2) < the case for N c = 2. Regarding the natures of the phase transitions, we have found that the phase transitions between the CC and DC phases are second order in all cases for N c = 3, the phase transitions between the DC and 2SC phases are first order in all the cases for N c = 3. For N c = 2, the precise location and nature of the phase transition between the DC and 2QC phases are unknown. However, because the constituent quark mass σ at µ = 500 MeV is only about 10 MeV, even if the phase transition were first order, the barrier would be quite low. From Table I , we can see that the barriers between the DC phase and the 2SC phase (for N c = 2, the 2QC phase) become lower in the following order: regime (1) > regime (2) > the case for It is seen in Table I that as K K becomes larger, the DC region becomes wider in the case with a finite current mass, while, contrastingly, as K K becomes larger, the region becomes narrower in the chiral limit. Therefore it is suggested that the system with a sufficiently large K K ratio, in addition to a finite current quark mass, is the most advantageous to realize the DC phase. It is noteworthy that a finite current quark mass may raise the pressure in the DC phase. Therefore, cases with a finite current quark mass must be included in evaluation of the DC phase. For critical µ, there are two discrepancies between regime (1) and regime (2), one in µ C↔D c and the other in µ D↔2 c . Because the DC phase is also a color symmetry broken phase, like the 2SC phase, we can assume that these phases are different states of the same three-color quark matter with K = K. As a consequence, the latter discrepancy disappears, but the former remains. Let us recall that the phase transition between the CC and DC phases occurs at lower µ than that between the DC and 2SC phases. It should be noted that as µ decreases, strange quarks become less important. For this reason, it seems very difficult to remove the former discrepancy in our model. An investigation of the two-flavor system is believed to be important for understanding the thermodynamics of three-color quark matter, especially in the region where the DC phase can be realized.
Appendix A On the Color State of the Instanton in a Massive Gluon Field
The aim of this appendix is to examine the color state of the instanton field in a case that five of the eight gluons become massive through the dynamical Higgs mechanism. Because there are several reports that include studies of the dynamical Higgs mechanism that acts in 2SC, 9), 16), 32) we do not treat the mechanism itself here.
Let us recall that an instanton field is primarily a classical self-dual solution for the Yang-Mills (YM) equation of motion. When all eight gluons are massless, the YM equation is formulated as 21), 33)
and F b µν denotes the gluon field strength defined as
Also, A a µ is the gluon field (a, b and c run from 1 to 8), f abc the structure constant, and g the gauge coupling.
For Nc = 3, a self-dual solution 21) in the singular Lorenz gauge can be written as
where z is the instanton position, ρ is the instanton size, η ν µb is the so-called 't Hooft symbol, 19) t a represents the SU (3) group generator, σ b denotes the Pauli matrix confined to the left upper 2×2 corner and U is the degree of freedom of the instanton called the color orientation, which is an arbitrary constant matrix in the color SU (3) group. We can express U as
where θ a is an arbitrary non-local real number. Now let us consider the 2SC case. The following effective Lagrangian for the Higgs field φ (a field consisting of the diquark condensates created by instantoninduced interaction), which consists only the kinetic term, is sufficient for our present purpose:
A nonzero µ breaks Lorentz invariance, and therefore the coefficient α i can in principle be different from α 4 , which leads to m i = m 4 . The mass term for the gluon field is of the form We thus find that the YM equation in the above massive case is actually the same as that in the massless case, as long as the color orientation is limited to the SU (2) subgroup. In other words, the instanton color orientation is limited to the residual SU (2) subgroup is unchanged even after five gluons become massive.
In this study, we have assumed that the gluon mass affects only the color orientation.
T βγ † δρ ), (C . 1) We give here explicit expressions of the three main parts of the right-hand side of Eq. (C·1):
Now, let us switch to momentum space. With the same philosophy as in the main text, we assume that chiral pairing occurs between particles and antiparticles of the same flavor, color and 4-momentum, but opposite helicity, while Cooper pairing occurs between particles and particles (antiparticles and antiparticles) with different flavor and color and opposite 4-momentum but the same helicity. In addition, as in the main text, we apply a mean-field approximation (MFA) to Ψ Ψ , ΨC † γ 5 Ψ and ΨCγ 5 Ψ in L model , as below: 19) where where Ω MFA is the mean-field thermodynamic potential that possesses the σ-∆ symmetry:
When, for simplicity, we consider the case in which only the mean-field chiral condensate σ is nonzero, the condensate matrices Σ and Σ † reduce to This symmetry is identically the S P (4) symmetry. Thus, we find that a nonzero σ breaks the SU (4) symmetry down to the S P (4) symmetry.
